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CHIRALLY COSMETIC SURGERIES AND CASSON
INVARIANTS
KAZUHIRO ICHIHARA, TETSUYA ITO, AND TOSHIO SAITO
Abstract. We study chirally cosmetic surgeries, that is, a pair of Dehn surg-
eries on a knot producing homeomorphic 3-manifolds with opposite orienta-
tions. Several constraints on knots and surgery slopes to admit such surgeries
are given. Our main ingredients are the original and the SL(2,C) version of
Casson invariants. As applications, we give a complete classification of chirally
cosmetic surgeries on alternating knots of genus one.
1. Introduction
Given a knot, one can produce by Dehn surgeries a wide variety of 3-manifolds.
Generically ‘distinct’ surgeries on a knot, meaning that surgeries along inequivalent
slopes, can give distinct 3-manifolds. In fact, Gordon and Luecke proved in [11] that,
on a non-trivial knot in the 3-sphere S3, any Dehn surgery along a non-meridional
slope never yields S3, while the surgery along the meridional slope always gives S3.
However, it sometimes happens that ‘distinct’ surgeries on a knot K give rise to
homeomorphic 3-manifolds:
(i) When K is amphicheiral, for every non-meridional, non-longitudinal slope
r, the r-surgery and the (−r)-surgery always produce 3-manifolds which
are orientation-reversingly homeomorphic to each other.
(ii) When K is the (2, n)-torus knot, there is a family of pairs of Dehn surgeries
that yield orientation-reversingly homeomorphic 3-manifolds, first pointed
out by Mathieu in [22, 23]. For example, (18k + 9)/(3k + 1)- and (18k +
9)/(3k + 2)-surgeries on the right-handed trefoil in S3 yield orientation-
reversingly homeomorphic 3-manifolds for any non-negative integer k.
Notations used above will be given later in this section. In view of this, we
say that a pair of Dehn surgeries are purely cosmetic if two surgeries give the
orientation-preservingly homeomorphic 3-manifolds, and chirally cosmetic if they
give the orientation-reversingly homeomorphic 3-manifolds.
The famous Cosmetic Surgery Conjecture states that there are no purely cos-
metic surgeries along inequivalent slopes. See [20, Problem 1.81(A)] for further
information and more precise formulation. Recent progress has been made on the
conjecture, including supporting evidence, such as a striking result obtained by Ni
and Wu [28].
On the other hand, as for chirally cosmetic surgeries, the situation is more subtle
and complicated as the aforementioned Mathieu’s example suggests. The examples
of Mathieu are generalized to the knots with exteriors which are Seifert fibered
spaces by Rong in [31], and to the non-hyperbolic knots in lens spaces by Matignon
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in [24], where a classification of chirally cosmetic surgeries on the non-hyperbolic
knots in lens spaces is achieved. Further examples of hyperbolic knots yielding lens
spaces are given by Bleiler, Hodgson and Weeks in [2], and also, of hyperbolic knots
yielding hyperbolic manifolds are given by Ichihara and Jong in [15].
In this paper, we give several constraints on knots and surgery slopes to admit
chirally cosmetic surgeries coming from various invariants of closed oriented 3-
manifolds. In particular, we will extensively discuss constraints arising from the
Casson invariant and the SL(2,C) version of the Casson invariant.
In Section 2, we will use the Casson invariant and the Casson-Gordon invariant to
give a constraint on knots to admit chirally cosmetic surgeries (Theorem 2.1). As a
corollary, we discuss chirally cosmetic surgeries along slopes with small numerators
(Corollary 2.2) and the parity of chirally cosmetic surgery slopes (Corollary 2.3).
In Section 3, after reviewing a surgery formula of SL(2,C) Casson invariant,
we give another constraint on chirally cosmetic surgeries (Theorem 3.1). In Sec-
tion 4, we discuss more geometric formulation that relates the boundary slopes and
cosmetic surgeries (Theorems 4.2 and 4.3).
In Section 5, we review other known obstructions for knots to admit chirally
cosmetic surgeries such as an obstruction from the degree two part of the LMO
invariant, and several results from Heegaard Floer theory.
In Section 6, by combining the techniques discussed so far, we give a criterion
for non-existence of chirally cosmetic surgeries.
Let a2(K) and a4(K) be the coefficient of the Conway polynomial ∇K(z) and
v3(K) = −
1
144
V ′′′K (1)−
1
48
V ′′K(1) where VK(t) denotes the Jones polynomial of K.
Theorem 6.1. Let K be a knot and let d(K) be the degree of the Alexander poly-
nomial of K. If S3K(p/q) 6
∼= −S3K(p/q
′) for some p/q, p/q′ with q + q′ 6= 0, then
v3(K) 6= 0 and
4|a2(K)| ≤ d(K)
∣∣∣∣7a22(K)− a2(K)− 10a4(K)8v3(K)
∣∣∣∣
Corollary 6.2. Let K be a non-trivial positive knot. If 167 ≥ 7g(K)
a2(K)
v3(K)
then K
does not admit chirally cosmetic surgery, where g(K) denotes the genus of K.
As an application, we show that knots obtained by the tN -move (see Section 6
and Figure 1 for the definition of tN -move) with sufficiently large N have no chirally
cosmetic surgery.
Theorem 6.3. Let K be a knot represented by a diagram D. At a positive crossing
c of D, let L = K ′ ∪K ′′ be the 2-component link obtained by resolving the crossing
c, and for N > 0, let KN be the knot obtained from K by applying tN+1-move at c,
which replaces the positive crossing c with consecutive (2N + 1) positive crossings.
If lk(K ′,K ′′) 6= 0, then for a sufficiently large N , KN does not admit chirally
cosmetic surgery.
Finally we completely classify all the chirally cosmetic surgeries on alternating
knots of genus one.
Theorem 6.3. Let K be an alternating knot of genus one. For distinct slopes r
and r′, if the r- and r′-surgeries on K are chirally cosmetic, then either
(i) K is amphicheiral and r = −r′, or
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(ii) K is the positive or the negative trefoil, and
{r, r′} =
{
18k + 9
3k + 1
,
18k + 9
3k + 2
}
, or
{
−
18k + 9
3k + 1
,−
18k + 9
3k + 2
}
(k ∈ Z).
Our results give an affirmative answer to the following question raised in [19],
for the case of alternating knots of genus one: If r- and (−r)- surgeries yield
orientation-reversingly homeomorphic 3-manifolds for some r 6= 0, 1/0, then is K
amphicheiral?
In particular, they also give a supporting evidence for the following much stronger
and optimistic question: If a knot K in S3 admits chirally cosmetic surgeries, then
is K either the (2, n)-torus knot, or an amphicheiral knot?
In the rest of the introduction, we recall basic definitions and terminologies about
Dehn surgery which we will use in this paper.
For an oriented closed 3-manifold M , we denote by −M the same 3-manifold
with opposite orientation. We denote M ∼= M ′ if two 3-manifolds M and M ′
are orientation-preservingly homeomorphic, and M ∼= ±M ′ if M is orientation-
preservingly homeomorphic to M ′ or −M ′.
Let K be a knot in a 3-manifold M , and let E(K) be the exterior of K, i.e., the
complement of an open tubular neighborhood of K in M . A slope is an isotopy
class of a non-trivial unoriented simple closed curve on the boundary ∂E(K).
When K is a knot in S3, or, more generally, K is a null-homologous knot in
a rational homology sphere, the set of slopes are identified with Q ∪ {∞ = 10} in
the following manner. For a slope γ, we consider the element [γ] = p[µ] + q[λ] ∈
H1(∂E(K);Z) represented by γ. Here p and q are coprime integers, µ denotes the
meridian and λ the preferred longitude of the knot K. Then we assign the rational
number r = p
q
(possibly ∞ = 10 ) to represent the slope γ. Throughout the paper,
when we express a slope as a rational number p
q
, we will always take p ≥ 0 and
p
q
is irreducible. For such a rational number r, let MK(r) be the closed oriented
3-manifold obtained by attaching a solid torus to E(K) so that the closed curve
of the slope r bounds a disk in the attached solid torus, namely, the slope r is
identified with the meridional slope of the attached solid torus. We call MK(r) the
3-manifold obtained by Dehn surgery on K along r, or simply the r-surgery on K.
2. Casson-Walker invariant and Casson-Gordon invariant
In this section, we use the Casson-Walker invariant, together with the (total)
Casson-Gordon invariant, to give constraints on knots and surgery slopes to admit
chirally cosmetic surgeries. Such an approach to make use of the Casson invariant
was originally developed by Boyer and Lines in [4], and further studied by Ni and
Wu in [28], where the Heegaard Floer theory was also applied.
Let λ be the Casson-Walker invariant for rational homology 3-spheres. See [34]
for its definition and basic properties. For a rational homology sphere M with
H1(M ;Z) which is finite cyclic, namely, a homology lens spaces, it is also defined
in [4]. Also, let τ be the (total) Casson-Gordon invariant of homology lens space.
See [4, Definition 2.20] and [6] for the definition.
Let K be a knot in an integral homology 3-sphere Σ. The Casson-Walker in-
variant λ and the Casson-Gordon invariant τ satisfy the following surgery formulae
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[4, 34]:
λ(ΣK(p/q)) = λ(Σ) +
q
p
a2(K)−
1
2
s(q, p), τ(ΣK(p/q)) = −4p · s(q, p)− σ(K, p)
Here we give definitions of the terms a2(K), s(q, p), and σ(K, p) used in the formu-
lae. First a2(K) denotes
1
2∆
′′(1), the second derivative of the Alexander polyno-
mial ∆K(t) of K at t = 1, where the Alexander polynomial is normalized so that
∆(t) = ∆(t−1) and that ∆(0) = 1. In the case Σ = S3, it coincides to the second
coefficient of the Conway polynomial ∇K(z) of K. See [1] for example.
For coprime integers p, q with p > 0, s(q, p) denotes the Dedekind sum defined
by
s(q, p) =
p−1∑
k=1
((k
p
))((kq
p
))
with ((x)) = x− ⌊x⌋ − 12 and the floor function ⌊x⌋ (the maximum integer which is
less than or equal to x) for x ∈ Q.
Also σ(K, p) =
∑
ω:ωp=1 σω(K) denotes the total p-signature forK, where σω(K)
(ω ∈ {z ∈ C | |z| = 1}) denotes the Levine-Tristram signature, i.e., the signature of
(1− ω)S + (1− ω)ST for a Seifert matrix S of K.
The Casson invariant has the property λ(−M) = −λ(M). Also, we see that
τ(M) = −τ(M) by the definition of the Casson-Gordon invariant [4, Definition
2.20]. Together with these, the surgery formulae above imply the following.
Theorem 2.1. Let K be a knot in an integral homology 3-sphere Σ. If ΣK(p/
q) ∼= −ΣK(p/q′), then
12(q + q′)a2(K) + 24pλ(Σ) = 6p(s(q, p) + s(q′, p)) = −3σ(K, p)
holds.
Proof. If ΣK(p/q) ∼= −ΣK(p/q′), then we have the following by the surgery formulae
above.{
λ(ΣK(p/q))− (−λ(ΣK(p/q
′))) = 2λ(Σ) + q+q
′
p
a2(K)−
(
1
2s(q, p) +
1
2s(q
′, p)
)
= 0,
τ(ΣK(p/q))− (−τ(ΣK(p/q′))) = −4p (s(q, p) + s(q′, p))− 2σ(K, p) = 0.
These imply the equalities which we want. 
In the rest of this section, we show some corollaries to this theorem.
2.1. Constraints on surgery slopes. By checking small values for the numerator
p of the surgery slope for the case Σ = S3, or more generally, an integral homology
sphere Σ with λ(Σ) = 0, we obtain the following more explicit constraints on surgery
slopes from Theorem 2.1.
Corollary 2.2. Let K be a knot in an integral homology 3-sphere Σ with λ(Σ) = 0,
and p an integer with 1 ≤ p ≤ 10. If ΣK(p/q) ∼= −ΣK(p/q′), then one of the
following holds.
(1) a2(K) = 0 or q = −q′, and σ(K, p) = 0.
(2) p = 7, q = 7s+ 1, q′ = −7s− 2 (s ∈ Z), a2(K) = −1 and σ(K, 7) = −4.
(3) p = 7, q = 7s+ 2, q′ = −7s− 1 (s ∈ Z), a2(K) = −1 and σ(K, 7) = 4.
(4) p = 9, q = 1 + 9s, q′ = 2− 9s (s ∈ Z), a2(K) = 1 and σ(K, 9) = −12.
(5) p = 9, q = −1 + 9s, q′ = −2− 9s (s ∈ Z), a2(K) = 1 and σ(K, 9) = 12.
(6) p = 9, q = 1 + 9s, q′ = −4− 9s (s ∈ Z), a2(K) = −1 and σ(K, 9) = −12.
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(7) p = 9, q = −1 + 9s, q′ = 4− 9s (s ∈ Z), a2(K) = −1 and σ(K, 9) = 12.
Proof. We start with considering the case of p = 7. Then the Dedekind sum is
given as in Table 1 below. Hence 42s(q, 7) + 42s(q′, 7) ∈ {0,±6,±12,±18,±30}.
q mod 7 1 2 3 4 5 6
42s(q, 7) 15 3 -3 3 -3 -15
Table 1. Dedekind sum 42s(q, 7)
It follows from Theorem 2.1 that 12a2(K)(q + q
′) = 42s(q, 7) + 42s(q′, 7) so
42s(q, 7) + 42s(q′, 7) must be divisible by 12. Thus, if a2(K) 6= 0 and q + q′ 6= 0,
then 42s(q, 7) + 42s(q′, 7) = ±12. Consequently, we have
• a2(K) = ±1, q + q′ = ±1 and (q, q′) ≡ (1, 3), (1, 5), (2, 6), (4, 6) (mod 7).
This gives rise to Case 2.
We next explain the most non-trivial case p = 9, where the exceptional possibil-
ities Cases 4–7 appears. For p = 9, the Dedekind sum is calculated as in Table 2
below, so 54s(q, 9) + 54s(q′, 9) ∈ {0,±8,±16,±20,±36,±56}.
q mod 9 1 2 4 5 7 8
54s(q, 9) 28 8 −8 8 −8 −28
Table 2. Dedekind sum s(q, 9)
Thus if a2(K) 6= 0 and q + q
′ 6= 0, then either
• a2(K) = ±1, q+ q′ = ±3, and (q, q′) ≡ (1, 2), (1, 5), (4, 8), (7, 8) mod 9, or,
• a2(K) = ±3, q + q′ = ±1, and (q, q′) ≡ (1, 2), (1, 5), (4, 8), (7, 8) mod 9.
The first case gives Cases 4–7. The second possibility cannot happen, for q+q′ 6≡ ±1
mod 9. 
Note that Cases 4 and 5 correspond to chirally cosmetic surgeries of the right-
handed and left-handed trefoil, respectively.
We also have another corollary to Theorem 2.1 which gives a restriction on the
parity of the numerator p of the surgery slopes.
Corollary 2.3. Let K be a knot in an integral homology 3-sphere Σ with signature
σ(K). Assume that ΣK(p/q) ∼= −ΣK(p/q′). If ∆K(ζ) 6= 0 for any p-th root of
unity ζ and σ(K) 6≡ 0 (mod 4) then p must be odd.
Proof. We prove the contraposition of the statement. Suppose that p is even. Let
us put p = 2m (m ∈ Z) and let ζ = exp(2π
√−1
p
) be the primitive p-th root of
unity. Since σω(K) = σω(K), we have σζi(K) = σζp−i(K). Therefore the total
p-signature is given by
σ(K, p) =
p−1∑
i=1
σζi(K) = 2
m−1∑
i=1
σζi(K) + σζm(K) = 2
m−1∑
i=1
σζi(K) + σ(K).
Let S be a Seifert matrix for K. We note that for ω ∈ C with |ω| = 1,
(1− ω)S + (1− ω)ST = (1− ω)(ST − ωS)
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and hence the matrix (1−ω)S+(1−ω)ST is non-singular unless ω is a root of the
Alexander polynomial ∆K(t) = det(S
T − tS). This shows that σω(K) ≡ 0 (mod 2)
unless ∆K(ω) = 0, and we get
σ(K, p) ≡ σ(K) (mod 4).
On the other hand, it follows from Theorem 2.1 that 4a2(K)(q + q
′) + 8λ(Σ) =
−σ(K, p). Thus we conclude that
σ(K, p) ≡ σ(K) ≡ 0 (mod 4).

This corollary may suggest that if σ(K) 6= 0, then there exist no chirally cosmetic
surgeries on K along slopes with even numerators. In fact, (chirally) cosmetic
surgeries with surgery slopes of even numerators seem difficult to find. See [14] for
related arguments on this problem.
3. SL(2,C) Casson invariant
In this section, we recall a surgery formula of the SL(2,C) Casson invariant,
denoted by λSL(2,C), based on [3].
The SL(2,C) Casson invariant is defined in [8] as an invariant of closed 3-
manifolds. Roughly speaking it counts the signed equivalence classes of repre-
sentations of the fundamental group in SL(2,C) which is analogous to the Casson
invariant that counts the SU(2) representations. Unlike the Casson invariant, the
SL(2,C) Casson invariant is independent from the orientation of the 3-manifold
M . That is, λSL(2,C)(M) = λSL(2,C)(−M) holds. At first glance, this is a bit disap-
pointing since we are interested in chirally cosmetic surgeries where the orientation
plays a crucial role. Nevertheless, as we will see in Section 6, information of the
SL(2,C) Casson invariant will be quite useful to study chirally cosmetic surgeries,
when we combine with constraints from other invariants sensitive to the orientation.
Let K be a small knot in an integral homology 3-sphere Σ. In [8], Curtis gave
a surgery formula of the SL(2,C) Casson invariant λSL(2,C) as follows: There exist
half-integers E0, E1 ∈
1
2Z≥0 depending only on K such that, for every admissible
slope p/q, we have
λSL(2,C)(ΣK(p/q)) =
1
2
‖p/q‖ − Eσ(p).
Here ‖p/q‖ is the total Culler-Shalen seminorm of the slope p/q and σ(p) = 0 if p is
even and σ(p) = 1 if p is odd. This surgery formula immediately gives the following
constraint on purely and chirally cosmetic surgeries.
Theorem 3.1. Let K be a small knot in an integral homology 3-sphere Σ. If
ΣK(p/q) ∼= ±ΣK(p/q′) and slopes p/q and p/q′ are admissible, then ||p/q|| = ||p/q′||
holds.
In the following, we explain some of the terminologies appearing in the statement
above.
A knot K in a closed 3-manifold M is said to be small if its exterior E(K) does
not contain essential (i.e., incompressible and not boundary-parallel) embedded
closed surfaces.
Let E(K) be the exterior of a small knot K in an integral homology 3-sphere
Σ. Let X(K) be the character variety of π1(E(K)), i.e., the set of characters of
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SL(2,C) representations of π1(E(K)) which naturally has a structure of complex
affine algebraic variety. Similarly, let X(∂E(K)) be the character variety of the
peripheral subgroup π1(∂E(K)).
For ξ ∈ H1(∂E(K);Z), let Iξ : X(K) → C be a regular function defined by
Iξ(χ) = χ(ξ) for χ ∈ X(K). Here we viewH1(∂E(K);Z) as a subgroup of π1(E(K))
by the natural inclusion map H1(∂E(K);Z) ∼= π1(∂E(K)) →֒ π1(E(K)). Let
fξ : X(K)→ C be the regular function defined by fξ = Iξ−2 for ξ ∈ H1(∂E(K);Z).
Let r : X(K) → X(∂E(K)) be the restriction map induced by π1(∂E(K)) →
π1(E(K)). For a component Xi of X(K) with dimXi = 1 and dim r(Xi) = 1, let
fi,ξ : Xi → C be the regular function obtained by restricting fξ to Xi.
For the smooth, projective curve X˜i birationally equivalent to Xi, each regular
function on Xi naturally determines a rational function on X˜i. We denote the
natural extension of fi,ξ to X˜i by f˜i,ξ : X˜i → CP
1. For such Xi, we define the
seminorm ‖ ‖i on H1(∂E(K);R) by naturally extending ‖ξ‖i = deg(f˜i,ξ) for ξ ∈
H1(∂M ;Z).
Let X∗(K) be the subspace of characters of irreducible representations and
let {Xi} be the collection of all one-dimensional components of X(K) such that
dim r(Xi) = 1 and Xi ∩X∗(K) 6= ∅.
Suppose that E(K) has a Heegaard splitting W1∪F W2 with compression-bodies
W1,W2 and a Heegaard surface F , that is, W1 ∪W2 = E(K) and ∂W1 = ∂W2 =
W1 ∩W2 = F . Then we have X(K) = X(W1) ∩X(W2) and X∗(K) = X∗(W1) ∩
X∗(W2). Let mi > 0 be the intersection multiplicity of Xi as a curve in the
intersection X∗(W1) · X∗(W2) in X(F ). Then we define the total Culler-Shalen
seminorm of a slope p/q as
‖p/q‖ =
∑
i
mi‖pµ+ qλ‖i,
where µ denotes the meridian and λ the preferred longitude of the knot K.
A slope γ is said to be regular if ker(ρ ◦ i∗) is not the cyclic group generated by
γ ∈ π1(∂E(K)) for any irreducible representation ρ : π1(M)→ SL(2,C) satisfying
that
(1) the character χρ lies on a one-dimensional component Xi of X(K) such
that r(Xi) is one-dimensional, and
(2) tr ρ(α) = ±2 for all α in the image of ι∗ : π1(∂E(K)) → π1(E(K)) where
ι : ∂E(K)→ E(K) is the inclusion map.
A slope is called a boundary slope if there exists an essential surface embedded
in E(K) with a nonempty boundary representing the slope. A boundary slope is
said to be strict if it is the boundary slope of an essential surface that is not the
fiber of any fibration over the circle.
A slope γ = p/q is said to be admissible for a knot K if
(1) p/q is a regular slope which is not a strict boundary slope, and
(2) no p′-th root of unity is a root of the Alexander polynomial of K, where
p′ = p if p is odd and p′ = p/2 if p is even.
4. Chirally cosmetic surgeries and boundary slopes
In this section, we give a different but more informative formulation of a con-
straint on chirally cosmetic surgeries from the SL(2,C) Casson invariant. Such
8 KAZUHIRO ICHIHARA, TETSUYA ITO, AND TOSHIO SAITO
an approach to use the SL(2,C) Casson invariant was considered by Ichihara and
Saito in [16].
Let K be a hyperbolic knot in an integral homology sphere Σ. Let m be the
number of boundary slopes for K, and we denote the set of boundary slopes for
K by BK = {b1/c1, . . . , bm/cm} with bj/cj ∈ Q, bj ≥ 0 for 1 ≤ j ≤ m and
b1/c1 < · · · < bm/cm.
It is known that a Culler-Shalen seminorm || ||i of a given slope γ is written as
the weighted sum of the distances between all the pairs of γ and a boundary slope.
Proposition 4.1. [5, Lemma 6.2], [25, Lemma 2.2.3] For a hyperbolic knot K,
and a curve Xi in the character variety X(K), there exist non-negative constants
aij ≥ 0 depending only on K such that
‖p/q‖i = 2
m∑
j=1
aij∆(p/q, bj/cj)
holds for each i. Here ∆(p/q, r/s) := |ps− rq| denotes the distance between slopes
p/q and r/s, that is, the minimal geometric intersection number of the representa-
tives of p/q and r/s.
Thus the total Culler-Shalen norm is given by
‖p/q‖ =
∑
i
mi ‖p/q‖i = 2
∑
i
mi
 m∑
j=1
aij∆(p/q, bj/cj)

=
m∑
j=1
(
2
∑
i
aijmi
)
∆(p/q, bj/cj) .
By putting wj = 2
∑
i a
i
jmi we have the following useful formula for the total
Culler-Shalen norm:
(1) ‖p/q‖ =
m∑
j=1
wj |pcj − qbj|.
Based on this formula, we get the following more informative version of Theorem
3.1.
Theorem 4.2. Let K be a hyperbolic small knot in an integral homology sphere
Σ. Assume that ΣK(p/q) ∼= ±ΣK(p/q
′), and the slopes p/q and p/q′ are admissible
with p/q, p/q′ 6∈ [b1/c1, bm/cm]. Then the following holds.
(i) qq′ < 0, i.e., the signs of slopes are opposite.
(ii) There exists a constant C depending only on K such that (q + q′)/p = C.
(iii) If all the boundary slopes for K are non-negative as rational numbers, the
constant C in (ii) equals to ‖µ‖/2‖λ‖, where µ denotes the meridional slope
and λ the preferred longitudinal slope for K.
Proof. Suppose that p/q, p/q′ 6∈ [b1/c1, bm/cm] are admissible and that ΣK(p/q) ∼=
±ΣK(p/q′). For a pair of slopes p/q and p/q′ with p > 0 and q, q′ 6= 0, by Equa-
tion (1), the difference λSL(2,C)(ΣK(p/q))−λSL(2,C)(ΣK(p/q
′)) = 12 (||p/q|| − ||p/q
′||)
is calculated as follows:
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(2)
1
2
(‖p/q‖ − ‖p/q′‖) =
1
2
m∑
j=1
wj (|pcj − qbj | − |pcj − q
′bj|) .
It follows from Theorem 3.1 that ||p/q|| − ||p/q′|| = 0.
First we show (i). Consider the case that p/q < b1/c1 and p/q
′ < b1/c1, and show
that it cannot happen. In this case, since 0 is always a boundary slope, b1/c1 ≤ 0
holds, and so q, q′ < 0 must hold. Then we have the following.
0 = ‖p/q‖ − ‖p/q′‖ =
m∑
j=1
wj((qbj − pcj)− (q
′bj − pcj)) =
m∑
j=1
wj(q − q
′)bj
= (q − q′)
m∑
j=1
wjbj = (q − q
′)
m∑
j=1
wj |1 · bj − 0 · cj |
= (q − q′) ‖0/1‖ .
Thus it implies that ||0/1|| = 0. However, for a hyperbolic knot K, the total
Culler-Shalen norm is actually a norm on H1(∂M ;R). In particular, ‖0/1‖ 6= 0.
This is a contradiction.
In the case of bm/cm < p/q and bm/cm < p/q
′, we will also get a contradiction
by the same argument. Thus we may assume that (by changing the role of q and
q′ if necessary) p/q < b1/c1 < bm/cm < p/q′. Since b1/c1 ≤ 0 ≤ bm/cm, this shows
q < 0 < q′; hence the signs of q and q′ must be opposite.
Next we prove (ii). Since we may assume that p/q < b1/c1 < bm/cm < p/q
′, we
get
0 = ‖p/q‖ − ‖p/q′‖ =
m∑
j=1
wj((pcj − qbj)− (q
′bj − pcj))
=
m∑
j=1
wj(2pcj − (q + q
′)bj)
= 2p
m∑
j=1
wjcj − (q + q
′)
m∑
j=1
wjbj .
Consequently, we get the following equality whose right-hand side only depends
on K:
q + q′
p
=
2
∑m
j=1 wjcj∑m
j=1 wjbj
.
Finally we show (iii). If all the slopes are non-negative, then ci ≥ 0 for all
i. Recall that ‖λ‖ = ‖0/1‖ =
∑m
j=1 wjbj . Since all the cj’s are non-negative,
‖µ‖ = ‖1/0‖ =
∑m
j=1 wj | − cj | =
∑m
j=1 wjcj . We conclude that
q + q′
p
=
2 ‖µ‖
‖λ‖
.

We also have the following, which gives an interesting relation between signs of
boundary slopes and cosmetic surgeries.
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Theorem 4.3. Let K be a hyperbolic small knot in an integral homology sphere Σ.
Assume that two slopes p/q and p/q′ are admissible with ΣK(p/q) ∼= ±ΣK(p/q′). If
all the boundary slopes are non-negative (resp. non-positive), then q+q
′
p
> 0 (resp.
q+q′
p
< 0).
Proof. We deal with the case all the boundary slopes are non-negative. The case
that all the boundary slopes are non-positive can be dealt with in the same way.
Since ΣK(p/q) ∼= ±ΣK(p/q′), we have ||p/q|| = ||p/q′||.
If p/q, p/q′ > 0, then q+q
′
p
> 0. By Theorem 4.2 (iii), p
q
, p
q′
< 0 cannot happen,
because in such a case, we have a contradiction: 0 > q+q
′
p
= 2||µ||||λ|| > 0. Thus in the
following, we may assume that p/q′ < 0 < p/q, in particular, q′ < 0 < q.
Let N be the integer that satisfies bN
cN
< p
q
< bN+1
cN+1
. When bm
cm
< p
q
, we define
N = m. Then by Equation (1),
‖p/q‖ =
m∑
j=1
wj∆(p/q, bj/cj) =
N∑
j=1
wj(bjq − pcj) +
m∑
j=N+1
wj(−bjq + pcj).
On the other hand, we have
‖p/q′‖ =
m∑
j=1
wj(−bjq
′ + pcj).
Thus we obtain
0 =
N∑
j=1
wj(bjq − pcj) +
m∑
j=N+1
wj(−bjq + pcj)−
m∑
j=1
wj(−bjq
′ + pcj).
It follows that
0 =
N∑
j=1
wjbj(q + q
′)− 2
N∑
j=1
wjcjp+
m∑
j=N+1
wjbj(q
′ − q)
and so,
q + q′
p
N∑
j=1
wjbj = 2
N∑
j=1
wjcj +
q − q′
p
m∑
j=N+1
wjbj .
Since we are assuming all the boundary slopes are non-negative, i.e., ci > 0 not all of
wi are zero. Thus the right-hand side is always positive. This proves
q+q′
p
> 0. 
In general by calculating the total Culler-Shalen norm explicitly, we get more
detailed constraint on p, q, q′ for the slopes of chirally cosmetic surgery Σ3K(p/q) ∼=
−Σ3K(p/q
′). For later use, we illustrate one particular example.
Example 4.1 (Constraint of chirally cosmetic surgery from SL(2,C)-Casson in-
variant for the 52 knot). Let K be the knot 52 in S
3. Since no root of unity is a root
of the Alexander polynomial ∆K(t) = 2t
2 − 3t+ 2, all slopes except the boundary
slopes 0,−4,−10, are admissible. By [3] the total Culler-Shalen seminorm ||p/q||
of K is given by the formula
||p/q|| = p+ |p+ 4q|+ |p+ 10q| =

3p+ 14q − p10 < q
p− 6q − p4 < q ≤ −
p
10
−p− 14q q ≤ − p4 .
CHIRALLY COSMETIC SURGERIES AND CASSON INVARIANTS 11
Thus we have either
• q > − p10 , −
p
4 < q
′ ≤ − p10 and p+ 7q = −3q
′, or,
• q > − p10 , q ≤ −
p
4 and 7q + 7q
′ = −2p.
5. Other constraints for chirally cosmetic surgeries
In this section, we review other known constraints for a knot to admit a chirally
cosmetic surgeries.
5.1. Degree two finite type invariant. The Casson invariant, also known as
the Casson-Walker invariant, is known to be regarded as the degree one part of
the LMO invariant. It is an invariant of rational homology 3-spheres which is
universal among all the finite type invariants [21]. In [19], a constraint for purely and
chirally cosmetic surgeries derived from higher degree parts of the LMO invariant
was studied.
Among them, the degree two part provides the following simple but useful ob-
struction for a knot to admit chirally cosmetic surgeries. We remark that like the
SL(2,C) Casson invariant, the degree two part of the LMO invariant does not
depend on orientations of 3-manifolds.
Let v3(K) be the primitive finite type invariant of degree three of a knot K in
S3, normalized so that it takes the value 14 on the right-handed trefoil. Using the
derivatives of the Jones polynomial VK(t) of K, we see that v3(K) is written by
v3(K) = −
1
144
V ′′′K (1)−
1
48
V ′′K(1),
and v3(K) satisfies the following skein relation [17]:
v3(K+)− v3(K−) = −
a2(K
′) + a2(K ′′)
4
+
a2(K+) + a2(K−) + (lk(K,K ′))2
8
.
Here, (K+,K−,K0) denotes the usual skein triple, where we view K0 as a two-
component link K ′ ∪K ′′.
Let a2(K) and a4(K) be the coefficients of z
2 and z4 in the Conway polynomial
of K respectively. From the degree two part of the LMO invariant, we have the
following constraint on a knot to admit chirally cosmetic surgeries.
Theorem 5.1. [19, Corollary 1.3] Assume that p/q- and p/q′-surgeries on a knot
K in S3 give orientation-reversingly homeomorphic 3-manifolds.
(i) If q = −q′, then v3(K) = 0.
(ii) If q 6= −q′, then v3(K) 6= 0 and
p
q + q′
=
7a2(K)
2 − a2(K)− 10a4(K)
8v3(K)
.
It is interesting to compare Theorem 5.1 (ii) with Theorem 4.2 (ii), (iii) and
Theorem 4.3: they provide unexpected relations among v3(K), the Culler-Shalen
norm and boundary slopes for chirally cosmetic surgeries.
5.2. Heegaard Floer homology. Recent progress on Heegaard Floer homology
theory provides the following strong constraint on a knot to have a purely or chirally
cosmetic surgeries.
Theorem 5.2.
(i) If S3K(r)
∼= S3K(r
′), then r′ = ±r [28] .
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(ii) If S3K(r)
∼= ±S3K(r
′) for r, r′ with rr′ > 0 (i.e. if K admits chirally cosmetic
surgeries along the slopes with the same sign), then S3K(r) is an L-space [29,
Theorem 1.6], in particular, by [27] K is fibered. Moreover, if the genus of
K is one, then K is the trefoil [35].
Theorems 5.2 (ii) and 4.2 (i) seem to suggest that chirally cosmetic surgeries
with the same sign are quite limited.
6. Chirally cosmetic surgeries on positive knots or alternating
knots
First of all, we combine Casson invariant constraint and degree two finite type in-
variant constraint to obtain following criterion for non-existence of chirally cosmetic
surgery.
Theorem 6.1. Let K be a knot and let d(K) be the degree of the Alexander poly-
nomial of K. If S3K(p/q) 6
∼= −S3K(p/q
′) for some p/q, p/q′ with q + q′ 6= 0, then
4|a2(K)| ≤ d(K)
∣∣∣∣7a22(K)− a2(K)− 10a4(K)8v3(K)
∣∣∣∣
Proof. By Theorem 2.1 we have 12(q + q′)a2(K) = −3σ(K, p). Since |σω(K)| ≤
d(K) for all ω ∈ {z ∈ C | |z| = 1}, |12(q + q′)a2(K)| ≤ 3pd(K). Therefore by
Theorem 5.1
4|a2(K)| ≤ d(K)
∣∣∣∣ pq + q′
∣∣∣∣ = d(K) ∣∣∣∣7a22(K)− a2(K)− 10a4(K)8v3(K)
∣∣∣∣

For positive knots we may make a criterion in a simpler (but a weaker) form.
Corollary 6.2. Let K be a non-trivial positive knot. If 167 ≥ g(K)
a2(K)
v3(K)
Then K
does not admit chirally cosmetic surgery where g(K) denotes the genus of K.
Proof. We use the following properties of a positive knot K.
(a) The total p-signature of K is always negative: σ(K, p) < 0.
(b) All the coefficients of the Conway polynomial of K are non-negative. In
particular, a2(K), a4(K) ≥ 0 [10, Corollaries 2.1 and 2.2].
(c) The degree of the Alexander polynomial is twice of the genus of K; d(K) =
2g(K).
(d) v3(K) > 0 [33].
Assume S3K(p/q)
∼= −S3K(p/q
′). By (a),(b) and Theorem 2.1 we have 12(q +
q′)a2(K) = −3σ(K, p) > 0 so q + q′ > 0. Then by Theorem 5.1 and (c),(d)
we get
2a2(K) ≤ g(K)
7a22(K)− a2(K)− 10a4(K)
8v3(K)
<
7a22(K)
8v3(K)
g(K).

As a first application of our criterion, we show that under a mild assumption,
knots obtained by adding sufficiently many twists never admit a chirally cosmetic
surgery.
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Theorem 6.3. Let K be a knot represented by a diagram D. At a positive crossing
c of D let L = K ′ ∪K ′′ be the 2-component link obtained by resolving the crossing
c, and for N > 0, let KN be the knot obtained from K by applying tN+1-move at c,
which replaces the positive crossing c with consecutive (2N + 1) positive crossings
(see Figure 1). If lk(K ′,K ′′) 6= 0, then for a sufficiently large N , KN does not
admit chirally cosmetic surgery.
︸ ︷︷ ︸
(N − 1) full twists
tN -move
Figure 1. The tN -move: It replaces a positive crossing c with
consecutive 2N − 1 positive crossings.
Proof. Let ∇L(z) = a1(L)z + a3(L)z3 + · · · = lk(K ′,K ′′)z+ a3(L)z3 + · · · . By the
skein formula we have
a2(KN ) = a2(K) + lk(K
′,K ′′)N
v3(KN ) = v3(K)−
1
4
(a2(K
′) + a2(K ′′))N +
1
8
(
2a2(K) + lk(K
′,K ′′)2
)
N
+
1
8
lk(K ′,K ′′)2N2
a4(KN ) = a4(K) + a3(L)N
Since we have assumed lk(K ′,K ′′) 6= 0, a2(KN ) 6= 0 and v3(KN ) 6= 0 for sufficiently
large N . In particular, by Theorem 5.1 KN does not admit a chirally cosmetic
surgery S3KN (p/q)
∼= −S3KN (p/q
′) with q + q′ = 0.
Moreover, by these formula we have∣∣∣∣7a22(KN )− a2(KN )− 10a4(KN )32a2(KN )v3(KN )
∣∣∣∣ = ∣∣∣∣ c0 + c1N + c2N2d0 + d1N + d2N + d3N3
∣∣∣∣
where c0, c1, c2, d0, d1, d2, d3 are constant that do not depend on N and d3 =
4lk(K ′,K ′′)3 6= 0. Let g(D) be the genus of the diagram, the genus of the Seifert
surface of K obtained by Seifert’s algorithm. Since tN -move preserves the diagram
genus d(KN ) ≤ 2g(KN) ≤ 2g(DN) = 2g(D), where g(DN ) denotes the diagram
genus of the diagram of KN . Hence
lim
N→∞
d(KN )
∣∣∣∣7a22(KN )− a2(KN )− 10a4(KN )32a2(KN )v3(KN )
∣∣∣∣ = 0
Therefore by Theorem 6.1 if N is sufficiently large, it does not admit chirally
cosmetic surgery. 
Finally we give a complete classification of chirally cosmetic surgeries of alter-
nating knot of genus one.
Theorem 6.4. Let K be an alternating knot of genus one. For distinct slopes r
and r′, if the r- and r′-surgeries on K are chirally cosmetic, then either
(i) K is amphicheiral and r = −r′, or,
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(ii) K is the positive or the negative trefoil, and
{r, r′} =
{
18k + 9
3k + 1
,
18k + 9
3k + 2
}
, or
{
−
18k + 9
3k + 1
,−
18k + 9
3k + 2
}
(k ∈ Z).
The classification of cosmetic surgeries on the trefoil knot seems to be known
before; See Corollary A.2 in Appendix, where we give a complete list of cosmetic
surgeries on torus knots, based on the result in [31]. Also, the classification of
chirally cosmetic surgeries on amphicheiral knots follows from Theorem 5.2 (i);
If K is amphicheiral, S3K(r)
∼= −S3K(−r) for all slope r. Therefore, when K is
amphicheiral and r, r′ are distinct slopes such that S3K(r) ∼= −S
3
K(r
′), then S3K(r) ∼=
−S3K(r
′) ∼= S3K(−r
′). By Theorem 5.2 (i), this implies r = ±(−r′) so r = −r′.
The main content of Theorem 6.4 is to show the non-existence of chirally cosmetic
surgeries on other alternating knots of genus one, which will be achieved in the
sequel.
It is known [32] that alternating knot of genus one is either
• The double twist knot J(ℓ,m) with even ℓ,m (see Figure 2), or,
• The 3-pretzel knot P (p, q, r) with odd p, q, r having the same sign.
We remark that the set of alternating knots of genus one includes the set of
positive knots of genus one, which are the 3-pretzel knot P (p, q, r) with odd p, q, r >
0 [32].
︸
︷︷
︸
ℓ half twists
︸
︷︷
︸
m half twists
︸
︷︷
︸
p half twists
︸
︷︷
︸ q half twists
︸
︷︷
︸
r half twists
Figure 2. The left figure shows the double twist knot J(ℓ,m).
The knot J(ℓ,−m) is obtained by twisting the left-sided two
strands “negatively”. The right figure shows the 3-pretzel knot
P (p, q, r).
First of all, we compute the Conway polynomial and the invariant v3. Although
these formulae seem to be appeared in several places (in [17], for example), here we
give a direct computation for readers’ convenience.
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Proposition 6.5. Let K be a genus one alternating knot.
(1) If K is the double twist know J(ℓ,m) with even ℓ,m,
∇K(z) = 1 +
ℓm
64
z2, v3(K) = −
mℓ
64
(ℓ +m).
(2) If K is the 3-pretzel knot P (p, q, r) with positive odd p, q, r, then
∇P (p,q,r)(z) = 1 +
1
4
(pq + qr + rp+ 1) z2,
v3(P (p, q, r)) =
1
64
((p+ q + r + 1)(pq + qr + rp+ 1) + (p− 1)(q − 1)(r − 1))
Proof. By the skein relation of the Conway polynomial, we have
∇J(ℓ−2,m)(z)−∇J(ℓ,m)(z) = z∇T (2,−m)(z),
where T (2,m) denotes the (2,m)-torus link. Here we apply the skein relation at a
crossing in the vertical ℓ half twists in Figure 2. Since ∇T2,m(z) =
m
2 z, we have
∇J(ℓ,m)(z) = ∇J(0,m)(z)−
ℓ
2
z∇(T (2,−m))(z) = 1 +
ℓm
4
z2.
Similarly, by the skein relation of v3(K), we have
v3(J(ℓ − 2,m)− v3(J(ℓ,m)) =
1
8
(
a2(J(ℓ − 2,m)) + a2(J(ℓ,m)) +
m2
4
)
=
1
8
(
(ℓ− 2)m
4
+
ℓm
4
+
m2
4
)
=
m
32
(2ℓ− 2 +m).
Hence we obtain
v3(J(ℓ,m)) = −
ℓ
2∑
i=1
m
32
(4i+m− 1) = −
ℓm
64
(ℓ +m).
The computation for P (p, q, r) is similar; for p ≥ 3, by the skein relation applied
at a crossing in the vertical p half twists we have ∇P (p,q,r)(z) − ∇P (p−2,q,r)(z) =
z∇T (2,q+r)(z) so
∇P (p,q,r)(z) = ∇P (1,q,r)(z) +
(p− 1)(q + r)
4
z
Noting K(p, q, r) ∼= K(q, r, p) ∼= K(r, p, q) and K(1, 1, 1) is right-handed trefoil, we
inductively compute ∇P (p,q,r)(z) as
∇P (p,1,1)(z) = 1 + z +
p− 1
2
z =
(p+ 1)
2
z,
∇P (p,1,r)(z) = ∇P (1,1,r)(z) +
(p− 1)(r + 1)
4
z = 1 +
(p+ 1)(r + 1)
4
z,
and
∇P (p,q,r)(z) = ∇P (1,q,r)(z) +
(p− 1)(q + r)
4
z
= 1 +
(q + 1)(r + 1)
4
z +
(p− 1)(q + r)
4
z = 1+
pq + qr + rp+ 1
4
z.
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As for the v3(P (p, q, r)), by the skein formula we have
v3(P (p, q, r)) = v3(P (1, q, r))+
1
8
p−1
2∑
i=1
(
a2(P (2i+ 1, q, r)) + a2(P (2i− 1, q, r)) +
1
4
(q + r)2
)
hence by a similar argument we have
v3(P (p, 1, 1)) =
1
4
+
1
8
p−1
2∑
i=1
(
4i+ 4
4
+
4i
4
+
(1 + 1)2
4
)
=
1
32
(p+ 1)(p+ 3),
v3(P (p, 1, r)) =
1
32
(r + 1)(r + 3) +
1
8
p−1
2∑
i=1
(
(2i+ 2)(r + 1)
4
+
(2i)(r + 1)
4
+
(r + 1)2
4
)
=
1
64
(p+ 1)(r + 1)(p+ r + 2),
v3(P (p, q, r)) =
1
64
(q + 1)(r + 1)(q + r + 2)
+
1
8
p−1
2∑
i=1
(
(2i+ 1)(q + r) + qr + 1
4
+
(2i− 1)(q + r) + qr + 1
4
+
(q + r)2
4
)
=
1
64
((p+ q + r + 1)(pq + qr + rp+ 1) + (p− 1)(q − 1)(r − 1)) .

We remark that for a double twist knot J(ℓ,m), the finite type invariant v3
completely detects the amphicheiral property.
Corollary 6.6. The knot J(ℓ,m) is amphicheiral if and only if m = −ℓ.
Proof. It can be directly seen from that J(ℓ,m) is amphicheiral if m = −ℓ. Con-
versely, for an amphicheiral knot K, v3(K) = 0 holds, since v3(K) = −v3(K!) for
the mirror image K! of K. Thus by Proposition 6.5, we obtain m = −ℓ.

Proof of Theorem 6.4. We show that a genus one alternating knot K, unless it is
the trefoil or an amphicheiral knot, does not admit chirally cosmetic surgeries.
Case 1: K = J(ℓ,m), ℓ ≥ m > 0 (even)
In this case J(ℓ,m) is a negative knot whose mirror image J(−ℓ,−m) is a positive
knot. By Proposition 6.5 a2(J(−ℓ,−m))
v3(J(−ℓ,−m)) =
16
ℓ+m hence by Corollary 6.2 unless (ℓ,m) =
(4, 2) or (ℓ,m) = (2, 2), J(ℓ,m) does not admit chirally cosmetic surgeries.
The case (ℓ,m) = (2, 2) is the trefoil so we show that J(4, 2) does not admit
chirally cosmetic surgeries. To treat this case we use the SL(2;C)-Casson invariant
and Heegaard Floer homology argument.
Assume, to the contrary that for K = J(4, 2) we have S3K(p/q)
∼= −S3K(p/q
′) for
some p/q 6= p/q′. By Theorem 5.1 and Proposition 6.5, we have p
q+q′ = −
13
3 .
On the other hand, J(2, 4) is the 52 knot and by a computation in Example
4.1, we know that p + 7q = −3q′ or 5q + 5q′ = −p. If p + 7q = −3q′, then we
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combining the equality p
q+q′ = −
13
3 we get q
′ = 2q so q′ and q must have the same
sign. By Theorem 5.2 (ii), this shows that K is fibered, which is a contradiction.
If 5q + 5q′ = −p, then p
q+q′ = −5 which contradicts
p
q+q′ = −
13
3 .
Case 2: K = J(ℓ,m), ℓ < 0 < m (even)
We may actually assume m 6= −ℓ, otherwise K is amphicheiral by Corollary 6.6.
We see from Proposition 6.5 that a2(K) =
ℓm
4 < 0. Thus, ∆K(t) has no roots on the
unit circle {z ∈ C||z| = 1}. This implies that σω(K) = 0 for all ω ∈ {z ∈ C||z| = 1}.
In particular, σ(K, p) = 0 for all p.
By Proposition 6.5, we have a2(K) 6= 0. Then, by Theorem 2.1, we obtain that
q+q′
p
= 0. However, by Proposition 6.5, v3(K) = v3(J(ℓ,m)) = −
ℓm
64 (ℓ +m) 6= 0.
This contradicts Theorem 5.1 (ii).
Case 3: K = P (p, q, r), 0 < p, q, r (odd)
In this case K is a positive knot and by Proposition 6.5 a2(P (p,q,r))
v3(P (p,q,r))
< 16
p+q+r+1 .
By Corollary 6.2 unless p + q + r < 7, P (p, q, r) does not admit chirally cosmetic
surgeries. If p + q + r = 3 it is the trefoil. When p + q + r = 5, P (p, q, r) is equal
to the mirror image of J(2, 4) which we have treated in Case 1. 
Our proof of Theorem 6.4 demonstrates a general strategy of establishing the
non-existence of chirally cosmetic surgeries for a family of knots defined by diagrams
parametrized by the number of twisting, like Figure 1.
In a light of Theorem 6.3, by computing a2, a4 and v3 we may exclude the
possibility of chirally cosmetic surgery for many cases. Then we may exclude the
remaining cases by using SL(2;C)-Casson invariant and Heegaard Floer homology
argument.
Appendix A. Cosmetic surgeries on Torus knots
Here, based on [31], we give a complete classification of chirally cosmetic surgeries
on torus knots in S3. For the notation used here, see [31] in detail.
Let X be a compact orientable Seifert fibered space with an incompressible torus
boundary and orientable base orbifold. Let R be a cross-section of an S1-bundle
over a surface obtained from X by removing open tubular neighborhoods of the
singular fibers of the Seifert fibration. Set c = R ∩ ∂X and let h be a regular fiber
on ∂X . Once c is fixed, a slope γ on ∂X is described by a rational number β/α such
that [γ] = α[c] − β[h] ∈ H1(∂X,Z). Remark that, when X is a knot complement
in S3, this rational number is different from that obtained by using the standard
meridian-longitude system.
Theorem A.1. [31, Theorem 1] Let X be as above and X(γi) (i = 1, 2) 3-manifolds
obtained by Dehn filling of X along slopes γ1 and γ2 respectively. Suppose that
X(γ1) ∼= ±X(γ2) and there is no homeomorphism f : X → X sending γ1 to γ2.
Then
(1) X(γ1) ∼= −X(γ2) and X(γ1) 6∼= +X(γ2), and
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(2) under some choice of the section c on ∂X, the Seifert invariant of X can
be written as{
ǫ, g;
1
2
, . . . ,
1
2
, r2,−r2, . . . , rk,−rk, r1
}
, where ri 6≡ 0,
1
2
(mod 1).
Moreover, γ1 and γ2 are determined by rational numbers −r1 + m and
−r1−n−m with respect to the Seifert fibration, respectively, where n is the
number of singular fibers of type 12 in the above and m 6= −
n
2 is an integer.
Conversely, if γ1 and γ2 are as in (2) above, then X(γ1) ∼= −X(γ2), X(γ1) 6∼= X(γ2)
and there is no homeomorphism f : X → X sending γ1 to γ2.
Corollary A.2. Let Tr,s be the (r, s)-torus knot. If Tr,s(p/q) ∼= ±Tr,s(p/q′), then
Tr,s(p/q) ∼= −Tr,s(p/q′), s = 2 and
p/q =
2r2(2m+ 1)
r(2m+ 1) + 1
, p/q′ =
2r2(2m+ 1)
r(2m+ 1)− 1
for a positive integer m. Conversely, if p/q and p/q′ are such rational numbers,
then Tr,2(p/q) ∼= −Tr,2(p/q′) for any odd integer r ≥ 3.
Proof. Let E(K) be the exterior of the (r, s)-torus knot K = Tr,s. With respect
to the standard meridian-longitude system, the slope of the regular fiber h of the
Seifert fibration of E(K) is described as rs ∈ Q. According to the sign convention
in [31], we have [h] = −(rs)[µ] − [λ] in H1(∂E(K);Z). We take a cross-section R
so that c represents the slope rs− 1 with respect to the meridian-longitude system.
Precisely, we take R so that [c] = (rs−1)[µ]+[λ] inH1(∂E(K);Z) for the meridional
slope µ and the preferred longitudinal slope λ. Then the Seifert invariant of E(K)
is obtained as {o1, 0;
t
r
, u
s
}, where t, u ∈ Z are integers taken so that ru − ts = 1.
Hence it follows from Theorem A.1 that if Tr,s(p/q) ∼= Tr,s(p/q
′), then s =
2, u = 1. Consequently its Seifert invariant is {o1, 0;
r−1
2r ,
1
2}, and the surgery slope
is described as γ1 = −
r−1
2r +m and γ2 = −
r−1
2r − 1 −m with m ∈ Z with respect
to the Seifert fibration.
Let γ1 = p/q and γ2 = p/q
′ with respect to the standard meridian-longitude
system. Then we have{
2r[c]− (1− r + 2rm)[h] = p[µ] + q[λ]
2r[c]− (1− 3r − 2rm)[h] = p[µ] + q′[λ],
and so,{
(2r(2r − 1) + (1 − r + 2rm)2r)[λ] + (2r + (1− r + 2rm))[µ] = p[λ] + q[µ]
(2r(2r − 1) + (1 − 3r − 2rm)2r)[λ] + (2r + (1 − 3r − 2rm))[µ] = p[λ] + q′[µ].
Therefore we conclude
p/q =
2r2(2m+ 1)
r(2m+ 1) + 1
, p/q′ =
2r2(2m+ 1)
r(2m+ 1)− 1
.
as desired. 
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